On Ellipsoidal Collapse and Primordial Black-Hole Formation by Kuhnel, Florian & Sandstad, Marit
NORDITA-2016-14
On Ellipsoidal Collapse and Primordial Black-Hole Formation
Florian Ku¨hnel1, ∗ and Marit Sandstad2, †
1The Oskar Klein Centre for Cosmoparticle Physics, Department of Physics,
Stockholm University, AlbaNova, SE–106 91 Stockholm, Sweden
2Nordita, KTH Royal Institute of Technology and Stockholm University,
Roslagstullsbacken 23, SE–106 91 Stockholm, Sweden
(Dated: Wednesday 11th May, 2016, 12:26am)
We reinvestigate gravitational ellipsoidal collapse with special focus on its impact on primordial
black-hole formation. For a generic model we demonstrate that the abundance and energy density
of the produced primordial black holes will be significantly decreased when the non-sphericity of
the overdensities is taken into account.
The process of gravitational collapse is of utmost impor-
tance to our understanding of the Universe. From the
formation of galaxies [1, 2], clusters of galaxies [3, 4],
haloes [5–9] (for a recent review see [10]) or even to the
possible formation of primordial black holes [11–13], the
nature of the collapse is crucial in determining character-
istics like abundance, mass or shape.
In many cases, both for its calculational simplicity as
well as being a reasonable first approximation, spherical
symmetry has been an integral assumption to investi-
gate gravitational collapse processes [14–16]. Although in
most cases initial non-sphericity is either small or eventu-
ally leads to (approximately) spherical objects, its effect
might nevertheless be consequential. For instance, esti-
mates of the abundance of small galactic haloes receive
considerable corrections [17], the formation of space-time
singularities might be very different [18], or, the precise
geometric way in which collapse proceeds may lead to
major intermediate deformations [19, 20].
The space of all possible shapes a collapsing overden-
sitiy might have is enormously large. Hence, one needs
to focus on the most relevant structures. One of the sim-
plest and most studied, deviating from spherical symme-
try, is an ellipsoidal one, also because it gives a fairly
good approximation to objects of many shapes. This has
been and still is the focus of a vast amount of literature
(cf. [17, 21–27]), including the seminal work of Sheth,
Mo and Tormen [17] who obtained a fitting formula for
the mentioned collapse threshold which they found to be
supported by numerical evidence. More recent evidence
for the improvement of fits with an ellipsoidal collapse
model can be found for instance in [28, 29].
While most of the quoted references on ellipsoidal col-
lapse deal with the formation of dark-matter haloes, the
investigation of how the shape distribution of initial over-
densities may affect the formation of primordial black
holes is relatively modest. In [30] the authors studied
tri-axial collapse of black holes and critical collapse in a
way which is relevant also for primordial black-hole for-
mation, and in [31] a non-spherical critical collapse was
considered. The authors of [32–34] discussed effects of
non-spherical geometry in the formation of primordial
black holes if it occurred during an intermediate phase
of matter domination due to a superheavy unified field
theory particle in the very early universe. However, to
the best of our knowledge, there has not been a thor-
ough investigation of the effect of the abundance, or, the
energy density of primordial back holes when lifting the
spherical assumption on the overdensities in a general
situation.
This is what we are going to study here. Specifically,
we shall first argue that the ellipsoidal collapse threshold
in the case of primordial black holes should be similar to
that found in halo formation with only small deviation to
the exact fitting constants. As we shall argue, the details
of the radiation medium will essentially be contained in
the spherical collapse threshold which has been obtained
in the case for primordial black holes through detailed
numerical studies [35–37]. We will then investigate the
influence of non-spherical effects on the final mass-density
spectrum for a generic model of primordial black-hole
formation.
To start, the ellipsoidal collapse threshold obtained by
Sheth, Mo & Tormen (cf. Eq. (3) of Ref. [17]) for the case
of halo collapse can be expressed via
δec
δc
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δ2c
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, (1)
with the threshold value for spherical collapse δc, the el-
lipticity e, and the hight of the density power spectrum at
the given scale σ2. The parameter values for κ and γ were
found to be 0.47 and 0.62, respectively. The final equality
holds after inserting the most-probable (mp) value for the
ellipticity, emp = (σ/δ) /
√
5. Actually, this is not entirely
correct as the average value 〈e〉 = 9/√10pi (σ/δ) 6= emp,
as was pointed out in [29]. There they found another set
of values for κ = 0.6536 and γ = 0.6387 [29].
The above result (1) has been derived and numerically
confirmed for a very limited class of cosmologies only,
mostly relevant to structure formation. This in par-
ticular does not include the case of ellipsoidal collapse
in radiation domination, which is the most important
one for primordial black-hole formation[12]. Below, for a
Gaussian-distributed density-perturbation spectrum, we
shall justify why the functional form of Eq. (1) is rele-
vant also for the case of primordial black-hole formation.
In fact, by giving an approximate physical argument in
which both the derivation and the approximations made
are dependent only upon the geometry of the collapse
process, we suggest that the form Eq. (1) should indeed
hold for ellipsoidal gravitational collapses in arbitrary en-
vironments.
In order to estimate the modification of the thresh-
old in the case of non-spherical collapse, we note that in
the ellipsiodal case, the collapse starts with the small-
est axis first and after that the longer axes will collapse
ar
X
iv
:1
60
2.
04
81
5v
3 
 [a
str
o-
ph
.C
O]
  1
0 M
ay
 20
16
2faster than linearly [23]. It is hence suggestive from the
mass dependence of the overdensity δ(M) that the den-
sity perturbation will be smaller by δ(∆M), where ∆M
accounts for the difference in mass M of a sphere to that
of an ellipsoid.
If we, like in the halo-collapse models (investigated in
Ref. [17]), consider Gaussian-distributed overdensities, it
can be shown that the expectation values for the shape
of overdensities are given by [23, 38, 39],
〈e〉 = 3σ√
10pi δ
, 〈p〉 = 0 , (2)
where the ellipticity e and the prolateness p are defined
as
e ≡ b
2
(
c2 − a2)
2 (b2 c2 + a2 c2 + a2 b2)
, (3a)
p ≡ b
2 c2 − 2a2 c2 + a2 b2
2 (b2 c2 + a2 c2 + a2 b2)
, (3b)
with a, b, and c denoting the lengths of the three semi-
major axes from the shortest to the longest [39]. The
prolateness runs from p = e in the maximally prolate
case (i.e. one long axis and two equal-length short ones)
to p = − e in the maximally oblate case (i.e. one short
axis and two equal-length long ones).
Since the collapse is initiated along the shortest axis, it
may be compared to that of the largest sphere contained
within it, i.e. one of radius a. Using the expectation value
for the prolateness 〈p〉 = 0 [59] and solving for the two
longer axes in terms of the ellipticity e, we find that the
volume of the ellipsoid, Ve, is
Ve = Vs
(1 + 3e)√
1− 3e . (4)
To get a rough functional form for the critical den-
sity threshold for the ellipsoid, we start by assuming a
uniformly increased density within the ellipsoid and the
sphere to which we compare it. This assumption is clearly
false, but since the density distribution is assumed to be
Gaussian, this mistake is independent of the collapsing
medium and hence can be fitted equally well in the fi-
nal version of the function. We also note that this effect
will go in the direction of bringing the ellipsoidal density
threshold closer to the spherical one than the estimate
we obtain, which will hence serve as an upper bound.
The uniform-density assumption combined with the
demand that the density threshold should be exceeded
in the enclosed sphere, leads to an increase in mass
Me = Ms Ve/Vs. The density contrast associated with
a given mass, roughly behaves as δ(M) ∼ M2/3 in the
primordial black-hole case (cf. [40]). This is also indepen-
dent of the collapsing medium, however, might differ from
the halo-collapse case and may lead to different numbers
for the final fits. To first order in ellipticity, this leads to
δec
δc
' (1 + 3 e) = 1 + 9√
10pi
(
σ2
δ2c
)1/2
. (5)
As we can see, this is roughly of the same form as the
result of Sheth, Mo and Tormen (cf. Eq. (1)). Although
this estimate is based on assumptions which are only very
approximate, we know that we can now refine this by sub-
stituting the numerical values of the multiplier 9/
√
10pi
and exponent 1/2 with constants κ and γ and then fit
the function.
It is important to note that all the approximations, in-
deed all input to get this form, is medium independent.
Though one input may be due to the special geometry
of the primordial black-hole collapse from a horizon-size
object, this will only give a possibility for slightly differ-
ent fitting values for the primordial black-hole as com-
pared to the halo case. However, we believe this dif-
ference is not tremendous and will mainly occur in the
multiplier. Hence we believe that a fit made in the halo
case will still be a good estimate for a halo collapse in
any medium/Universe-model, and that the halo fit values
will be a good first approximation also in the primordial
black-hole case.
Above in our heuristic derivation of the elliptical
threshold formula, we have also tried to convey that this
shift is independent of the medium in which the collapse
is taking place. Below we will go through derivations of
the density thresholds for primordial black-hole forma-
tion which have been preformed under the assumption of
spherical overdensities. We will argue that the geometry
does not enter directly into these values in any other way
than in that they represent values for δsc which can then
be fed into a relations like (1) to find the more accurate
threshold δec for a given average ellipticity.
In his pioneering work Carr [40] showed that, for an
overdensity δ to collapse, its scale has to be roughly larger
than the Jeans length, yielding
w .
(
M
MH
)2/3
δ0 ≡ δH , (6)
with δ0 being the original density contrast. Equation (6)
also defines the density perturbation δH at horizon cross-
ing. Above, MH is the initial mass inside the horizon,
and M is the mass contained in the initial volume of the
overdensity. In the case of radiation domination Eq. (6)
yields the often-quoted value δc ' 1/3.
This threshold has been found in numerical studies of
gravitational collapse to be not quite accurate (cf. [36]).
In particular, in [41] a three-zone model calculation has
been investigated within which the travel time of pressure
waves that would cause expansion has been compared
to the collapse time for the overdensity. From this the
authors obtained a formula which fitted the results of the
numerical studies [35–37] more closely than the original
threshold (6) obtained by Carr [40].
For an ellipsoidal overdensity, the shortest axis of the
overdensity will be first to cross the horizon and begin
a possible collapse. When deriving the collapse thresh-
old in the more proper way, as done by Harada and col-
laborators [41], the shape of the overdensity does not
matter, as it only compares the travel time of the pres-
sure wave in the medium (along the shortest axis in the
ellipsoidal case) to the collapse time along the same tra-
jectory. Hence the dependence on the travelled distance
is cancelled in the threshold which only depends on the
3equation-of-state parameter of the medium. The final
form of the threshold reads [41]:
δH ≥ 3 (1 + w)
5 + 3w
sin2
(
pi
√
w
1 + 3w
)
. (7)
For a radiation medium this yields 0.41 which is only 10
– 20% off from the numerically well-established values of
0.45 – 0.47 [36].
In order to demonstrate the importance of consider-
ing ellipticity also in the case of primordial black holes,
we will now apply the ellipsoidal threshold Eq. (1) in a
specific, but quite generic model which has production of
primordial black holes in a reasonable mass range. The
precise nature of this model does not matter as all mod-
els will be affected in a similar way, irrespective of the
mass range in which they are peaking.
We consider a running-mass model [42]. In the con-
text of primordial black-hole production, these have been
intensively studied (cf. [43, 44]). The perhaps simplest
realisation may be expressed through the inflationary po-
tential
V(φ) = V0 +
1
2
m2φ(φ)φ
2 , (8)
with the constant V0, and the scalar field φ. There
exists a plethora of embeddings of this model in var-
ious frameworks, such as hybrid inflation [45] for in-
stance, which lead to different specific functions mφ(φ).
These yield distinct expressions for the primordial den-
sity power spectra whose variance can be recast into the
general form [46]
[
σ(k)
]2 ' 8
81
P(k?)
(
k
k?
)n(k)−1
Γ
(
ns(k) + 3
2
)
, (9)
where the spectral indices n(k) and ns(k) are given by
n(k) = ns(k?)− 1
2!
λ1 ln
(
k
k?
)
+
1
3!
λ2 ln
2
(
k
k?
)
− 1
4!
λ3 ln
3
(
k
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)
+ . . . , (10a)
ns(k) = ns(k?)− λ1 ln
(
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1
2
λ2 ln
2
(
k
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)
− 1
6
λ3 ln
3
(
k
k?
)
+ . . . , (10b)
with real parameters λi, i = 1, 2, 3.
A convenient measure of how many primordial black
holes are being produced can be given through the ratio
of the energy density of primordial black holes (PBHs)
by the total energy density,
β ≡ ρPBH
ρtot
. (11)
Employing the standard approximation of horizon-mass
collapse [60], i.e. MPBH ' MH, and utilizing the Press–
Schechter formalism [47] leads to
β ≈ erfc
(
δc√
2 σ
)
. (12)
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FIG. 1: The relative energy density βEq for the running-mass
case at the time of radiation-matter equality and as a function
of M/M. The black, solid curve assumes spherical collapse
while the disconnected, colored ones represent non-zero ellip-
ticity. See the figure legend and the main text for details.
In order to generate a significant fraction of primordial
black holes in the mass range between 10−4 and 10−5 so-
lar masses, we choose the parameter values λ1 = 0.011,
λ2 = 0.011, λ3 = −0.0010975, and display the sub-
sequent results in Fig. 1. Therein we show the ratio
β at the time of radiation-matter equality (superscript
’Eq’) [61] for three different cases: spherical collapse
(black, solid), ellipsoidal collapse with the parameter val-
ues of Sheth, Mo and Tormen [17] (blue, dotted), and the
ones obtained by Angrick and Bartelmann [29] (red, dot-
dashed). The values of the parameters κ and γ can be
found in the legend of Fig. 1. It can be observed that for
the fitted parameters the suppression is approximately
an order of magnitude. The corresponding curve repre-
senting the lower bound (cf. Eq. (5)) (green, dashed) lead
to a suppression of several orders of magnitude below all
the others, thereby also demonstrating the strong sensi-
tivity of the ratio β on the threshold δec. For all graphs
we use δc = 0.45.
Summarized, our investigations show that even though
non-spherical effects on the collapse threshold might seem
to be small (generically being on the percent level), they
can lead to tremendous suppression (of about an order
of magnitude in most of the realistic cases) of the energy
density of primordial black holes, as can be seen in Fig. 1.
As mentioned earlier, since in general neither the most-
probable nor the average value for the ellipticity are zero,
gravitational collapse to, in particular, black holes will
always be influenced by non-sphericity.
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